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I. INTRODUCTION 



Scalar-field models in cosmology and classical gravity have been quite successful in describ- 
ing variety of important issues in modern cosmology (viz the problem of dark energy, dark 
matter, inflation, late time acceleration of the Universe, cosmic evolution etc.; see e.g. [l- 



19[ | . In particular, the use of a Higgs scalar field 20( in a Jordan-Brans-Dicke (JBD) model 



of gravity 



2l| is of quite significant importance. It was first acquainted during the early 



nineties of the last century 22-24] by using the idea of the broken-symmetric theory of grav- 



ity 



25} along with a JBD model of gravity 211. Since then, it has seen various subsequent 



developments during the last few years 



14 



26 



32|. Such a model is important especially 



because, as a result of spontaneous breakdown of symmetry, a Higgs potential as used in the 
model naturally leads to a cosmological function of anti-gravitational behaviour as well as 
because of the role of the Higgs field in the mass generation mechanism of the constituents, 
i.e. the basic building blocks (quarks, leptons and gauge bosons) of nature [33I . 
Many efforts to find exact solutions of the field equations entailing scalar fields (with and 



15 



34438J. Within GR, they lead 



without mass) in gravity have been made time and again 
to singularities and Black Holes related to Schwarzschild singularities which hide point- 
singularities from outside. In particular, whether naked singularities exist or not is still 
an open question, both within scalar-tensor theories and within GR. Actually, the Cosmic 
Censorship Conjecture (CCC) [39] prohibits such singularities, which are widely regarded 
as nonexistent. However, their appearance is theoretically predicted in several models of 
40^451. Different classes of BH and wormhole solutions as well as the nonsingu- 



gravity 



lar spherically symmetric solution in such models have been constructed and analysed in 
different contexts 46j-|50|. In case the CCC is violated, then the naked singularities might 



contribute to some new gravitational phenomena including their relationship to gamma-ray 
bursts (GRBs) [5l|-|53|. 

The appearance of singular and nonsingular Black Hole (BH) solutions in scalar-tensor the- 
ory models 54 - 5^], and their relation with the facets of the scalar field are of crucial interest 



58 



601 ] . Furthermore, we have noticed the breakdown of CCC (i.e. the appearance of naked 



singularities) in certain circumstances in our investigations of this induced gravity model 

nn 

with Higgs potential [32|, |57[. Recently, we have studied the appearance of BHs as well as 
their consequences in a scalar-tensor theory with Higgs potential along with the amplitude 



2 



(integration constant) of the vacuum scalar-field excitation in relation to the appearance of 



quintessential effects towards Reissner-Nordstrom-like BH solutions 
the galaxy rotation curves 
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61| and flattening of 



32]. Further, the above mentioned integration constant indi- 



cates a relation to effective mass as measured mass which differs from bare (luminous) mass 
derived only from the usual densities 32J. This integration constant of the scalar-field exci- 
tation is in fact related to the energy-stress tensor and hence to the densities and pressures. 
It therefore plays a crucial role in the dynamics of the present model of induced gravity. 
On the one hand, the energy density and pressure appear within linear solutions such that 
the finite pressure terms contributing from the scalar field account to the dynamical mass. 
These terms are regarded to assure the equivalence with Newtonian and standard results of 
GR having consistency within a Parameterised-post-Newtonian (PPN) framework 32 ]. 
A dynamical mass parameter appears for linearised gravity, whereas an effective mass ap- 
pears for higher-order solutions. Their interrelation as pressure containing terms is of special 
relevance as pressure screens bare mass from density with dynamical pressure terms which 
are related to the scalar field. On the other hand, for galactic dynamics, a Dark Matter pro- 



Within this framework, density may 



file has been derived for flat rotation curves [28|, 
be decomposed in a usual, mainly baryonic component and a further scalar-field density 
term which is directly related to a pressure term [30). It is of crucial interest to constrain 
such terms as well as to clarify their nature and relevance for galactic dynamics as well as 
for solar-relativistic effects, i.e. for solar ranges and higher-order solutions. In both cases, 
scalar-field pressures, i.e. pressure terms of the perfect fluid which are related to the ap- 
pearance of the scalar- field excitation, are of special interest. 

In the present paper, we address the above mentioned issues and point out a universal charac- 
ter of scalar-field pressure to understand the dark-matter problem. The paper is organised 
as follows: we first recall the field equations and the integration constant of scalar-field 
excitations corresponding to the model used for our investigations in Section I. The field 
equations are then identified with Maxwell-like equations of gravity with an energy density 
in Section II. Utilising these equations, the physical consequences of the scalar-field pressure 
are presented for linear solutions and perihelion advance in the first and second parts of 
Section III respectively. Further, in the last part of Section III, we present the dark-matter 
profile as well as the constraints on pressure terms coming from dark-matter phenomenol- 
ogy within this model. The non-Newtonian properties of the density are also discussed for 



3 



different length scales. Finally, we conclude our findings in Section IV with some interesting 
issues which need further investigations. 



II. FIELD EQUATIONS AND SCALAR FIELD PRESSURE 



Let us consider the following action [24|, l57l |. 
S = I d 4 x y/—g 



l07T 2 ,P 



(2.1) 



where 7 is a dimensionless constant and £^(■0,^,0) is the Lagrangian corresponding to 
matter, i.e. the fermionic (ip) and massless bosonic {A^} fields. Here, semicolon is used for 
a covariant derivative. The self-interacting Higgs potential V(<ft) characterises the varying 
cosmological and gravitational "constants" . The potential is normalised such that it realise 
Zee's assumption V(<fi — v) — for the ground-state value of |25| in absence of the 



cosmological constant. In the presence of a cosmological term Ao, it possess the following 
form, 



V(cf>) 



2 



si 



+ 



A 
4! 



V + V Q , 



(2.2) 



where /i 2 < and A > are real- valued constants and V = 3 p, 4 /(2\) [221 ] . Further, we 



30 



'(2) 



62]. The Higgs field in 



have Vq = — 37/z 2 A /(47rA) entailing a cosmological constant A 
the spontaneously broken phase of symmetry leads to the square of the ground-state value 
as v 2 = 0o0o = — 6;U 2 /A and can further be resolved as 0o = vN (where is a constant 
which satisfy N^N = 1) with the introduction of the unitary gauge [23]. The general Higgs 
field may then be redefined through a real- valued excitation (£) of the Higgs scalar field 
as = v (1 + C) 1 ^ 2 N. One may notice that in absence of the scalar-field excitations £, Vq 
leads to the usual cosmological constant A of ACDM. 

The general form of the matter Lagrangian which will be used has the following form from 
the prespectives of elementary particles [26|, |30] , 



C 



M 



T^ V + ~i> 7 £ B ^ + h.c. — (1 — q) ki[) R <^xip L + h.c. 



(2.3) 



This matter Lagrangian is related to the energy-stress tensor and the closure of the system. 
Within the notions of elementary-particle physics 22], it entails the left (L) and right handed 
(R) fermionic (i/j) states with Dirac conjugate ■0, Dirac matrices 7 M and field-strength tensor 
F^ v in matrix representation = A v ^ — A^ u + ig[A^ A u ], where A^ denote the massless 



bosonic gauge fields in matrix representation. Here x is the Yukawa coupling operator. We 
lave further introduced a parameter q to give the fermionic coupling with the scalar field 



221 ] . We consider tp = <p in (12. 3p . which means that the same scalar field couples with the 
Ricci scalar and matter for the case q 7^ 1. If both the non- minimally coupled scalar Higgs 
field and the Yukawa-coupled Higgs field which leads to mass generation of fundamental 
matter are the same and the cosmological constant Ao is zero, the source of the scalar-field 
excitation will vanish after symmetry breaking, as it cancels out exactly due to the appearing 
energy-stress T = \/l + £ iprhip, with the fermionic mass matrix rh related to the Yukawa 



coupling (see (24j for more details). 

In the general context of gauge fields, to the energy-momentum tensor T^ v further gauge- 
field terms multiplied to the mass-square matrix Ai 2 are to be added onto an effective 
tensor T^ u . However, the explicit form of gauge fields related to the covariant derivative 
depend on the explicit model. Especially within the SM, since left-handed states underlie 
different gauge groups, they differ for left- and right-handed fermionic fields (but also de- 
pend on the type of fermion). However, there are no derivatives in the Yukawa term and, 
thus, both-handed states acquire equal mass. There appear only a coupling constant and 
the Yukawa matrix. The latter leads to different masses of both leptons and quarks. 
The covariant derivative in equation (12. 3p is a gauge and gravity covariant derivative entailing 
gauge fields as well as Christoffel and Ricci coefficients of spacetime curvature as connec- 
tions. Suppressing gauge fields, the scalar-field equation (i.e. the Klein-Gordon equation) 
is obtained as given below, 



The Higgs field in the broken phase of symmetry in this model possesses a finite range L 



(i.e. Compton wave 



Higgs field mass 24, 



engt 



27|, 



1) which in the natural (geometric) system of units is inverse of our 



32j as given below, 

1/2 



L 



1 + ^ 

37 



2.5) 



16vrG(/i 4 /A) 

with the gravitational constant G = 1/ (7?; 2 ) where 7 > 1 is defined as the square of 
the ratio of the Planck (M P ) and gauge-boson (M4) masses {23], However, the effec- 
tive gravitational coupling is given in terms of the scalar-field excitations. It is defined as 
G = G/(l + 0- 



We have (i) q = for a coupling of the scalar field to the fermionic Lagrangian 24J, l26| . 



(ii) for no such coupling (q = 1) (i.e. the source is weak) (cf. |26l . \^\). For the physical 
properties of the particles related to this Higgs field, the case (i) means that the particles, 
which are responsible for mass of elementary particles, decouple and interact only gravi- 
tationally for A = 0. Such particles may not be generated through high-energy collision 
experiments as suspected to observe in the LHC experiments. They may, however, be re- 
lated to a cosmological constant Ao as source. On the other hand, the case (ii) means new 
particles which interact with other particles indeed, however weakly. If they are as massive 



as indicated in 
stable 
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63|, then they hardly decay in less massive particles and are rather 



3l| . Furthermore, with the low masses, they still lie below the accuracy range of fifth- 



force experiments 



64| and to-date do not indicate a breakdown of the equivalence principle. 



However, the energy-stress tensor satisfies the following equation law, 



rp v 



(2.6) 

In the case that does not couple to the fermionic state in C,m\[—Q (i-e. q = 1), then 
equation ( 12. 6 j) will not possess a source, and for the SM (q = 0), above equation means 
the production of fermionic mass through this Higgs field. This leads to a breaking of the 
conservation law through a new Higgs force. 

The Einstein equations corresponding to the action (12. ip acquire the following general form, 

1 



R --Rn | 3 ^ 
^ 2 9lxv 4L 2 l + £ 



Ao 

71 1 



8nG 

• c4 



lUv-e + g^]- (2.7) 



7 (1 + 2 

Now, using the scalar- field equation ( 12. 4p . equation (12.7p may further be transformed into 
the form given below, 

Ao 



R° vUa ~Ru v + -^^(1 + 1 



1 + e 



4 / 37TV 1 



-iiju + 1 + 



4tt\ _1 T 



- 



3 7 y 



qu v 



7T 



1 



7 i + e 



(2.8) 



with R = k,q/(1 + and k,q = 87tG/c 4 . Here, we have defined the current by means of the 
energy-momentum density of matter measured by the observer in the following form, 



3ft — fl V-cr- 



(2.9) 
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This current may be related to an equation analogue to Maxwell's one of electrodynamics. 
Actually, with the observer field u u , if a (to mass parametrised) non-gravitational force is 
given by = u^\u , the existence of an equilibrium between that force and inertial forces 
will maintain the mass in a geodesic trajectory such that E^ + K^ = is valid for an inertial 
force Ep. The inertial force is then given as follows, 

En = -u ma u a = (u a ^ - u^ a )u a = F^u a , (2.10) 

where F^ u = u U] ^ — u^ v is a field-strength tensor (having an analogue structure to electro- 



V,fJ, 



fi:v 



dynamics) and u 11 a gauge variable 65|. For the field-strength tensor a relation analogous 
to the electrodynamics is therefore evident as given below, 



0. 



Further, for equation (12. 8p . the following relation is thus valid [651 ] . 



/j ;A 



2k (jp + s 



(2.11) 



(2.12) 



where s M is the energy-momentum density of the gravitational field. With these considera- 
tions, s M has the following form, 



Sy=~ 



1 

2R 



q 47r\ m 1 
~ + 7T- )T- — 



3 7 ; 



L 2 \ 1 + £ 



7T 



£--1 + 4- 



Ao 



1 1 + ^ 



+ 



1 

+ — 

K 



7 



u„ 



(2.13) 



where the v is a second-rank tensor which is related to the Ricci tensor. In fact, the Ricci 
tensor can be constructed in terms of the antisymmetric field-strength tensor F^ v and the 
symmetric tensor Q^ v (for details see Appendix I). 

The field strength F^ has two sources: (i) 4-currents j v as energy-momentum density of 
matter, and (ii) s v as energy-momentum density of the gravitational field [65j. Consequently, 
momentum conservation is valid with the following equation, 



0. 



The energy density measured by a static observer is s = which for the case 7 3> 1 is 
derived as given below, 



For weak dynamical behaviour, the metric is nearly constant, and for static fields (i.e. 
uX ;A = (V~9 uX ),\/ V~9 — 0), the Ricci identities lead to 

R^u v = -u a ^ . (2.15) 

Further, the Ricci scalar R may be derived by taking the trace of equation (12 .7p in the 
following form, 

R = -JU + SttGT ( 1 - -O - -7^^ + 4— ( 1 - - Vl • (2.16) 
Now the equation (I2.15P reads as follows, 

= ~W « " 5 IT? + " K 1 " I) T + TTf e " - (217) 

Using the scalar field equation (12. 4 j) in the equation ( 12.14ft with w M as timelike, we finally 
arrive to the following expression for the energy density of the gravitational field, 

8 = lu, V , a + T^uV - (1 - (?) T - + ^ . (2.18) 

Within the present model, it is feasible to assume the vanishing parameters A and [i of 
the Higgs potential (12. 2p without a vanishing ground state value as a consequence {32} IotI ]. 



Further, for small A 



31] , the mass M of the Higgs field would become very small, resulting 



in a contribution to the gravitational force with a range proportional to 1/ v^A with the Higgs 
particle behaving as the cosmon of Quintessence. 

For L —7- 00 (or low scalar field excitations), together with q = and Aq = 0, equation (12.181) 



gives the usual energy density. For q 



that is to be rescaled to (viz 



23 



1- 



lowever, there is no term proportional to T such 



28 



32|). 



If we consider the energy-momentum of an ideal fluid then there is T = T flu u' J 'u u — 3p along 
with T = e — 3p with energy densities e = gc 2 and pressures p and the 4- velocity u^. With 
these considerations, energy density of gravitation as in (12.181) now leads to the form as 
given below, 

8 = ~ U(t < a u» , a + qt + 3(1 - q)p - + ^A . (2.19) 

With the Cartesian coordinates for central symmetry, for an observer which is static to 
matter, there is a 4-velocity in linear approximation as follows, 

« M = (l-^,0,0,0). (2.20) 
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With z/c 2 /2 = <3> (the gravitational potential), we have 

;(T c 4 = -(u° (1 ) 2 c 4 = -(grad $) 2 . (2.21) 

The equation (12.191) therefore reads in the static follows, 

s = (grad $) 2 + qe + 3(1 - q)p - + -^-A . (2.22) 

The linear Einstein equation for V 2 $ (see Appendix II for details) together with the scalar 
field equation lead to a Poisson equation [32| which may be written as follows in case it is 
not linearised for £, 



(2.23) 



V 2 $(l + + ^fl + jkV 2 £ 



3 3 
3e- -(e-3p) - -£q(e - 3p) 



2 V 2*/ 3 

For a perfect fluid and using the pressure-comprising Poisson equation (I2.23p . we may write 
the following for weak fields and non-dominant £ excitations, 

2 /V 2 $ 3 \ 

gradp = grad$ I — pc 2 J . (2.24) 

k \ c 4 2 J 

This problem is thus analogous to the one of GR plus a pressure term. Now, under the 
assumption L — > oo, using the Gauss theorem several times and taking into account that 
the pressure p is supposed to vanish at the surface of matter distribution, equation (I2.24p 
leads to a relation between the gravitational potential and pressure terms p as below, 

3c 4 J pdV = ^-{l + Sw)- 1 J (grad$)W, (2.25) 

where p = we with an equation-of-state (EOS) parameter w [66|. The equation f !2.25|) 
provides a relationship between the Newtonian gravitational pressure in matter and the 
gravitational field strength. The equation (12.251) is related to the gravitational energy- 
momentum density by equation ( 12. 22ft . Actually, for the field energy, for weak £ fields with 
L — > oo and a vanishing cosmological constant Ao, there is 

S = J sdV = J (grad $) W + q J e dV + 3(1 - q) J pdV, (2.26) 

with an energy term as defined below, 



edV = T /(wa<l<I»)-Vr. (2.27) 
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Using equation (12.271) in (|2.26|) . the field energy (|2.26[) then yields 



S= — 



2 - 



q 



q) 



(grad$) 2 dV. 



(2.28) 



K L 3(1 + 3w) (1 + 3w)_ 

The solution within GR reads S = — (c 4 / K v) f (grad &) 2 dV. It gives the same as the po- 
tential energy of a body within Newton's gravitational theory, and such is necessary to 



avoid conflicts with elementary mechanics [65|, |66|. The equation f |2.22j) gives GR's solu- 
tion for q = and w = with k = indeed. For q = 1, on the other hand, after 
rescaling with = 4k /3, equality between the usual gravitational energy of GR and 
induced-gravity's gravitational energy (as of interpretation given here) leads to a constraint 
of w ~ 0.17 ~ 1/6. This pressure value appears necessary for consistency with phenomenol- 
ogy and for non-vanishing scalar fields. Hence, it would appear in some specific contexts, 
and variations from it would lead to measurable consequences especially for large-scale dy- 
namics. In general, this may respond to nature of Quintessence fields whose fluctuations 
may behave similar to a relativistic fluid [6t|. Further, given that models of Quintessence 
usually predict composition-dependent gravity such as long-range forces mediated by the 



fields 



681 ]. measurable consequences would appear for large distances indeed. The scalar 



fields may act similar to a cosmological constant (cf. |70]) or as related to the halo mass of 



galaxies and hence to Dark Matter phenomenology 



III. CONSEQUENCES OF SCALAR FIELD PRESSURES 



Linear Solutions 



For vanishing scalar-field excitations, equation ( I2.23P reduces to that of the usual GR. Con- 
sequently, the scalar field acts as a further gravitational interaction which at low scales is of 
Newtonian form. Further, it leads to an effective (measured) mass which possesses scalar- 
field contributions via pressure p 32j. Vacuum (linear) solutions r 3> R\ with radii R± of 
the gravitational source (i.e. the massive objects) are of the same form as within GR, with 
additional terms of the integration constants entailing pressure of the gravitational object. 
The potentials in the components of metric (13 ,6p are then given as follows j^ . 



Vdyn 



A = h 



Tdyn 



(3.1) 
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The potentials given in equations ( 13. ip in principle show the usual GR behaviour for a 
dynamical Schwarzschild radius r dyn , however, with a deviation expressed by the function 
h(w) = h. The function h is dependent on r/L and it shows that, independently on L, for 
q — 1, there is 7^ e~ A unless there are finite values of the pressure p which enter vacuum 
dynamics through the continuity conditions at r = R\. This is a consequence of the scalar- 
field e quat ion with an integration constant which depends on the trace of the energy-stress 



tensor 



571 ] . Given the large scales L compared to distance r as assumed here, we obtain the 



asymptotic form of h(w) as 



h(w) = i±^. (3.2) 
v ' 2 + 3w K ' 



At distances r of the order of the length scale L, i.e. for galactic spirals (as expected in 



n 



63]), however, the value given by equation (13. 2p should be higher, yet, of the same order 
of magnitude. 

Further, in equation (13. ip we have defined a dynamical Schwarzschild radius 

_ 2M dyn G N 

r dyn — ^2 \"""J 

which is related to a dynamical mass as follows for the asymptotic limit L ^> r, 

M dyn = (l + ^w\M 1 . (3.4) 

Further, M\ is the Schwarzschild mass obtained for vanishing pressure terms and vanishing 
scalar- field masses (1/L = 0). Hence, Mi is the Schwarzschild mass for the GR case. It 
appears as an integration constant of the gravitational potential (i.e. $ ~ v) of vacuum 
within GR and entails properties of the gravitational body by means of the integral of 
density throughout the volume of the massive sphere. It is related to continuity conditions 
at the surface and, given the EOS as p = we, the EOS parameter w appears as a further 
mass term in M dyn , which is related to pressure terms. 

For weak-field approximation, consistency with a PPN framework is given for h = 1 so that 
dynamical masses merge almost exactly. Both the equations (13 ,4p and (13. 3p further simplify 
to the parameters as mentioned in ]32] for L — > 00. Further, for L — > 00, a value of w — 1/5 
viz the energy constraint from Section II) in fact leads to h — 1. Furthermore, according to 



321 ] . h{w)r dyn for high pressures is better given by the effective radius r s which indeed leads 



to the usual Schwarzschild radius for w — 1/6 (see Subsection B below). Hence, energy 

11 



arguments along with the effective-mass relation in view of exact solutions lead to non 
vanishing pressure terms related to £ which, as discussed in [32}, give an equation-of-state 
parameter of 1/6 < w < 1/5 (see Subsection B and |32| for further details). This value 
range further leads to the usual GR relation between A and v. A detailed discussion about 
the evolution of the metric components and their relation to the usual solution may be 
found in [321 ] . 

Fig. [1] shows the basic behaviour of the correction term h and M^ vn jM\ in dependence of 
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FIG. 1: Evolution of the parameter h and the dynamical mass coefficient M^yn/M for different 
EOS parameters w and x = r/L. 

the EOS parameter w. For the sake of completeness, we plot these parameters for different 
r/L relations. It is shown that h possesses a larger value for higher pressures. At the same 
time, dynamical mass grows with pressure in respect to the bare luminous mass which 
comes solely from density. For w — 1 and L — > oo, for instance, the dynamical mass reads 
2.5 times Mi with 2hMd yn ~ 9 ■ Ml. Be reminded (cf. [32]) that hMd yn mainly gives the 
effective Schwarzschild mass Ms which appears in the context of higher-order calculations. 
Further, it is possible to achieve flat rotation curves for polytropic density distributions 



27 L High pressure terms have a flattening 



with and without very massive galactic centres 
behaviour for homogeneous density distributions [32|. 
Effective, dynamical mass at long ranges does not have to equal the luminous mass which 
comes from density. Therefore, such a scenario would be important in the context of 



the Dark Matter problem and dark-matter phenomenology 72]. Here, we analyse this 
possibility within the context of universal halo profiles (cf. 73]) for flat rotation curves 
below in the subsection IIII CI 
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B. Perihelion Advance 
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, |aa |57j and 



In this part, we neglect scalar- field mass on the basis of discussions as of 
above. However, unlike in the previous part of this section, solar-relativistic effects need of 
higher-order corrections of the time-coordinate related to the metric component. Hence, we 



will consider the solution already derived in 



32| for further analysis. 



In the vanishing limit of Higgs-like particle mass i.e. large distances, the scalar field equation 
(12. 4p has the following form, 



l—g ' ,M J 



(3.5) 



We will consider the determinant g of the metric with the spacetime having spherical sym- 
metry as given by the following line element, 



ds 2 = e vi - r) dt 2 - e A(r W 2 - r 2 {d$ 2 + sin 2 dy 2 ) . 



(3.6) 



Using the line element (I3.6p and solving equation (13.51) leads to the first integral of the scalar- 
field excitation as £' = (A/r 2 ) S- X ~ v ^ 2 for vacuum 3^, 57], and the dimensionless integration 
constant A appearing therein is defined as follows in the asymptotic limit r — > oo along with 
L — > oo [32], 

A =~l§J TV=9d 3 x. (3.7) 

Further, for the metric component e u , there appears an integration constant B which is 
related to the dynamical Schwarzschild radius with e u = 1 — B/r. 
For A and B, there further appears an effective Schwarzschild radius 

2M 1 G N (\ 



r s = 2A + 



+ 3w 



h(w)r d: 



(3.8) 



c \2 

which is related to the dynamical mass in (13. ip , and a squared generalised charge-parameter 
(a Reissner-Nordstrom-like term) radius, 

,2, _ \Af s \ 



(3.9) 



Further, Mi represents the bare (luminous) mass, and the mass coefficient r^/fg is unlike 
one for A ^ 0. 



The Reissner-Nordstrom-like solution as derived in 

~ 1 r dyn /f s 

1 - — 



32| reads as given below, 

2-1—1 

1- — + 4 



(3.10) 
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„ ., m 
Cd 3 x = — 



This solution may be used for analysis of the influence of the contributions from A entailing 
further density and pressure terms from the inner field especially in terms of the linear 
solution within solar-relativistic effects. 

Geodesies are the applicable trajectories for the theory, and for a well considered system in 
order to obtain the curves along a plane, for r s <C r, equation (I3.10p leads to a Lagrange 
function of geodesic motion of the following form for the case q = 1, 

with the eigentime r. Here, the cyclic coordinate ip leads to a constant conjugate momentum 
as given below, 

J = mr 2 -^- = mC? = constant. (3.12) 
dr 

Further, cyclic coordinate x° = ct leads to 

( rs\ rdyn ^ rs dct 

—m I 1 — — = mC a = constant (3.13) 

V r I dr 



(3.11) 



which is valid for a parametrised energy term. Consequently, from equation (13. lip , we obtain 
the following relation, 

-m£) 2 +^) 2 -R)H^) 2 - 2 

With the definitions u = r _1 and ' = d/dip, using the equations (I3.12p and (I3.13p . the 
equation (13.141) reads as follows, 

-c 2 = (1 + r s u)C 2 u' 2 + Cy - °\ (3.15) 

(1 — rsu) d v n/ s 



The relation between the effective and the dynamical radii is given as follows, 

(3.16) 



r s - r dyn _ 2A 



r s B 

Hence, the equation (13 . 1 5[) reads for small Schwarzschild radii, 

C 2 b u 12 + C 2 u 2 (l - r s u) - C 2 a (l - ? s u) 2A/B = -c 2 (l - r s u). (3.17) 

After a further derivative in <p, and considering small effective Schwarzschild radii, the 
equation (13.171) leads to 



^1a^-\ - 3 r u 2 I fs 
C 2 rdyn J 2 2C 2 



u" + u [l-^±A-2- \ =-r s u 2 + -^Xc 2 , (3.18) 
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with the parameter X dependent on C a as follows, 

X = 1-— % . (3.19) 

Tdyn C 

It is clear that for the linear (quasi-Newtonian) approximation, the equation (I3.18P al- 
ready leads to a trajectory which shows a perihelion shift dependent on the scalar field via 
C^Af 2 s / [Clrdyn)- For low-energetic systems, however, the Newtonian Kepler orbit appears 
as first-order solution, 



u 



1CI 



c 2 (l + e cos (p). 



(3.20) 



In the next-order approximation, and only for linear terms in eip, we have 

1 + e cos 



2C* 



l _ 3f 5 c 2 



4 CI 



(3.21) 



Equations ( 13 . 20 j) and (13. 2 1 p give the usual value. The perihelion advance for low-energetic 
systems is then clearly given by 

QMG N 



-7T, 



(3.22) 



which is formally the usual value within GR. It reads as usual for w = 1/6 such that 
M = Mi. This is the term which appears in ( 12. 28ft as a constraint. At about such pressure, 
in the equation ( 13. ip . there is hr dyn ps f s ps r S - For higher values of pressure, effective 
and dynamical masses are higher than the luminous mass. This pressure is introduced 
through the energy-stress tensor as the one of the ideal fluid. It is naturally caused by the 
gravitational potential and the scalar field, although it is not particular of it. This relation 
is further elaborated in the next section. 



C. Flat rotation curves of galaxies 

Let us consider the weak fields for galactic ranges. At galactic-bulge ranges, the scalar-field 
length scale is expected not to be negligible [27|, |28|, and importantly shorter ranges would 



lead to scalar-field masses which would have to have signaled already by means of particle 
collisions in high-energy experiments. Furthermore, it may be assumed that such length 
scales are a reason for deviations of dynamics from usual one of GR and thus at least of 
some Dark Matter dynamics contributions in form of scalar-field components of DM. 
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liet us further consider the tangential velocity of galaxies which is valid for linear solutions 
691 ] as given below, 



dr 



(3.23) 



It should be valid for linear behaviour. We will use this relation for a system which is not 
vacuum, however beyond the galactic bul ge, as usual within the analysis of rotation curves 



28 



22 1 



in relation with universal density profiles 
Now, the Poisson equation in the weak field limit is obtained as follows, 



e + 3p). 



(3.24) 



The scalar field equation yields 



2ttG 



3p). 



(3.25) 



Phenomenologically, especially rotation velocity of the spiral galaxies is nearly constant (well 
known as the problem of flat rotation curves) outside the luminous core as if a spherical 
halo of non- luminous matter with an extension much greater than the galaxy's visible disc 



surrounded them 74| This is usually analysed in the context of universal halo profiles, 
whereas a halo of non-hadronic, dark matter is assumed [t3 | . In the same spirit, we hence 
assume now that the rotation velocity is constant and analyse the necessary conditions 
following such case. Dark-matter in the sense of non-Newtonian d yna mics shall appear as a 
consequence of the scalar field, related to the dark-matter profile [73]. 
The form of the gravitational potential which is necessary to give the flat rotation curves is 
of the following form, 



$ = v t 2 ln(r) 



The Poisson equation (13.241) together with the scalar field equation (13.251) leads to 



(3.26) 



+ 



AtiG 



A' 



2L 2 



(3.27) 



The equation (13.271) defines a density profile having the following form, 



6 £+ 2 P AirG N r 2 ' 8ttG n L 2 ' 



+ 



£c 2 



(3.28) 
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It possesses, on the one hand, a contribution e of matter density in general, and a contribution 
p of pressure (coming from the inner structure of matter). On the other hand, it has a 
Newtonian-type energy density and a scalar-field contribution to density distribution as 
clearly evident from the equation (I3.28p . Hence, we define two energy- density components 
as follows, 



'AnG N r 2 ' 



(3.29) 



Both the definitions e* and together give the density profile usually called Dark Matter 



profile e DM 
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30]. In these terms, the scalar-field contribution (e^) is expected to act as 
dark-matter density contribution to the total energy density. The remaining contribution 
(e*) is purely Newtonian and represents the energy density especially of baryons. Further- 
more, the scalar field cannot be its own source, which means that it has only usual matter 
density (e*) as a source term. For equation ( 13.251) . one must have 

The pressure is then given accordingly by the following relation, 

P=l^- (3.32) 

The equation (I3.32p shows that the pressure is linearly dependent on the scalar-field density 
and on the scalar field itself. The scalar-field excitation in such cases is given as follows, 

c 2 £ = 36nG N L 2 p . (3.33) 

Here, it is clear how scalar-field excitations and pressure are related as a consequence of the 
baryonic source of scalar fields. The pressure terms (which are first introduced through the 
ideal fluid) within dark-matter dominance are related to scalar fields and their finiteness as 
dominant contributions to dark matter. 

Phenomeno logically, there is a relation of about ten to one between hadronic matter (e*) 
and dark matter. According to the equations (13.291) and (13.301) . dark matter may then be 
given by the scalar-field contribution of density. Hence, a relation of the following form is 

expected, 

e^lO-e*. (3.34) 
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The total energy density e for the dark-matter density profile is in fact given according to 
equation (13. 28 p . and it is interesting that following equation (13. 32 p . the relation between 
total energy density e and pressure gives an EOS parameter as follows, 

«) = ?«-. (3.35) 
e 5 

For large, galactic scales, hence, w is given by the dark-matter contribution which comes 
from the scalar field. Furthermore, for vanishing contributions of the scalar field, p/e^ 
tends to zero, and for e* = 0, i.e. for a complete dominance of the scalar-field excitation, 
the total EOS parameter reads exactly 1/5. Astonishingly, this value which is necessary 
within dark-matter phenomenology of flat rotation curves is equivalent to the EOS parameter 
w within the context of solar-relativistic effects. It appears for matter density given by 
usual matter e* with Newtonian dynamics and for such matter as only source of the scalar 
field. Apparently, an EOS parameter of 1/6 < u> < 1/5 is a weak- field constraint not only 
for solar-relativistic effects and energy density of gravitation but also within dark matter 
phenomenology derived from the present induced gravity model with a Higgs potential. The 
behaviour of the contributions of pressure, however, differs for both cases. We will now 
investigate the behaviour of density components for galactic dynamics. 
After parametrising distance by a length scale a of the spherical system (a length related to 
the distance at which galaxies possess flat rotation curves), in the interval between r = 



and r = ru with r# as halo radius with r# > L and r# > a [28|, |30|, the solution of the 
scalar field yields 



Z , , 



1 v 2 

1 ' ' . t~~ Cl.: / ' " 1 / ' " 1 / ' " 1 (3 35) 



( -t- s1i1 [ M _ sinh (M E i(-^ 

'a / \ 'a / \ 'a 



2r a c 2 

whereas r/a = r a and L/a = l a , Shi(x) is the hyperbolic sine integral function (i.e. 
Sinushlntegral(x)) and Ei(a;) is the exponential integral function. For the dark-matter profile 
(total density distribution), we obtain 



{vtcf \ 1 1 



r -eshi ( T f\ -sinh(^)Ei , 



(3.37) 



A7iG N a 2 [r 2 a M\r a 

It gives the halo structure in a way analogous to the Navarro-Frenk- White (NFW) profile 
with scale radii r s = a [73]. Such models are used in search of the universal halo densities 
in the context of flat rotation curves. 

The scale radius a is of the order of magnitude of a galactic core Ri (i.e. the luminous-disc 
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r/a 



r/a 



FIG. 2: Evolution of density distributions normalised to vtc 2 /(AirGiya 2 ) for Z a = 1 (left panel) 
and l a = 1/35 (right panel). Scalar field (e^) dominance for shorter distances and baryonic (e*) 
dominance for limits of large scales. 

radius of galaxies). For higher values of L in relation to a, baryonic (usual) density (e*) 
dominates. However, for low values of the scale factor L in relation to a, the scalar-field 
density (e^) dominates. This may be seen in Fig. [2j Further, in the left panel of Fig. [21 a 
relation between the total density profile and baryonic density (i.e. a ratio of ten to one) is 
visible. 

Let us now define the ratio of the density parameters by using equations (I3.29f) and (13.371) . 



A = e/e* = 1 + -f [e- r ^Shi(r a /y - sinh(r a /Z a )Ei(-r a /Z a )] . (3.38) 
The density ratio gives non-baryonic behaviour (A — 1 ^ 0), and it shows three special 










la = 1/35 i 






1 4 
1 * 
I I 

1 f 

f I 
f t 
1 f 

" f f 


l a = 1/20 : 







r/a 



0.4 0.6 

r/a 



FIG. 3: Density ratios: Dark matter dominance for l a = 1/36 (left panel) and non-Newtonian 
behaviour (right panel) for l a = 1/5, l a = 1/20 and l a = 1/35. 



cases. At lower scales (as shown in the right panel of Fig. [3]), a linearly growing function 
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with relatively high slope, at high scales a constant value, and an intermediate phase with 
a maximum (viz Fig. [3]). For all length scales l a , the nonbaryonic behaviour A — 1 is 
negligible at shorter ranges, even though scalar-field densities do dominate. Hence, the 
dominant scalar-field contribution of density acts as a baryonic contribution for shorter 
distances (even r a > 1). 

For L/a ~ 35 (see left panel of Fig. [3]), A « 10 (i.e. long-range dynamics are as if there were 
10 times the baryonic density). There is scalar- field density (e^) dominance at distances of 
galactic bars, and the relation w = 1/5 is valid and non-Newtonian behaviour of the scalar 
field is thus dominant for flattening dynamics of galaxies. 

IV. CONCLUSIONS AND FUTURE DIRECTIONS 

In this article, we have investigated the relation between the scalar-field excitations of 
induced gravity with a Higgs potential and the obligatory presence of finite pressure terms 
in energy density of gravitation, along with their appearance in linear solutions for solar- 
relativistic effects such as perihelion advance, and for flat rotation curves leading to Dark 
Matter phenomenology with scalar-field density components of the dark-matter profile. The 
important conclusions drawn from this study are summarised below: 

(i) An energy density of gravitation following Maxwell-like equations may differ with its 
analogue of GR. Gravitational energy within induced gravity and GR are identical for 
q = which denotes the coupling of the scalar field to the matter Lagrangian as well 
as a decoupled Higgs field, and for q — 1 (i.e the absence of the coupling of the scalar 
field with the matter Lagrangian) they are the same only with the constraint on the 
EOS parameter as 1/6 < w < 1/5. 

(ii) Finite values of pressure of the ideal fluid within vacuum solutions are expected from 
the nature of scalar-field excitations. This further leads to the notion of the dynamic 
and bare (luminous) masses in this model. The value of the dynamical mass is observed 
greater than that of the luminous mass, and the present formulation is thus useful to 
describe the signatures of unseen matter in nature. 

(iii) Perihelion shift is found the same as within GR for low-energetic systems with values 
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of pressure as constrained by energy in view of the EOS parameter as w = 1/5 as in 
(i). There is, further, more complicated dynamics for highly energetic systems with 
high coefficients of C a per c and CV Scalar fields are essential for low-range dynamics 
although they have Newtonian behaviour at such range. 

(iv) Flat rotation curves of galaxies lead to dark-matter profiles with baryonic and scalar- 
field components of density. Scalar-field densities are strongly related to pressure 
terms in this model and they seem to provide a viable explanation of the Dark Matter 
contents of our Universe. 

(v) Dark Matter dominance leads to pressures related to an EOS parameter of total energy 
of the same value as for weak fields in solar-relativistic ranges. 

(vi) The non- Newtonian behaviour of density appears as distances grow, according to (iii). 
Such non-Newtonian behaviour of scalar-field excitations leads to flat rotation curves. 
The contribution due to the scalar field in the energy density in fact acts as the dark- 
matter profile in view of the total energy density of the system. 

However, the estimation of the shift of intermediate behaviour of scalar fields, i.e. the relation 
between scalar fields and galactic centres, is still unclear, and it would be a quite interesting 
problem to investigate. Further, this might also be valuable in relation to quintessential 
properties of scalar fields for galaxies within exact solutions, leading to Reissner-Nordstrom 
behaviour. Moreover, the cosmological implications of induced gravity with Higgs potentials 
in terms of the quintessence and dark matter along with the primeval dynamics would be 
another important task to study in greater detail. We intend to report on such issues in our 



forthcoming communication 75] 
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Appendix I 

Following the Ricci identities, the Ricci tensor may be written as follows, 

-R a „u a = {u a .„ - u a , a 5^ °). a = H° Ka , (A-l) 

where H^ u = u v - ifl — u a - a g^ u is an antisymmetric tensor. The (antisymmetric) field-stress tensor 
F^y in terms of H^ IU as defined in (|A-ip follows as below, 

Further, a symmetric tensor is defined as below, 

QflU = Hyp + Hp^i = + U u -^ 2ll ;a9[tV- (A - 3) 

The tensor Q^ v (|A-3P is related to the Ricci tensor and the generalised field-strength tensor (|2.10p 
as given below, 

-R\ Ux = ^F fl x . x + ±Q f , x . x . (A-4) 
However, the divergence of x in (|A-4j) is given by 

; a = 2u A ;M;A - 2u A ;A;/J . (A-5) 
Given the unitarity of the metric, the equation (|A-5p then leads to 

Q„ x ;A u^ = 4(u A . M u");A - 4u^ V ;A - 2u x ;wA u" - 2u x A;M n^. (A-6) 
For the static field in relation to the observer, the equation (|A-6|) gets further simplified as follows, 

A ;AU» = -4^V ;A - 2u x . kX vP. (A-7) 
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Appendix II 



In static linear approximation for potentials v and A along with £ = 1 + (3£/2)/(l + £), the 
scalar-field and Einstein equations in spherical symmetry for a perfect fluid read 



V 2 £ - — £ 



L 2 



„8ttG 
16vrG 



>-3p), 
1 



1 



(e-3p) 



r L z 



16vrG 



1 



(A-8) 
(A-9) 

(A-10) 



Using equations (|A-8|) and (|A-9p . the equation for a potential defined with * = y + £) reads as 
follows, 

4^G " 



V 2 tf(l + 



e + 3p - -£(e - 3p) 



(A-ll) 



The equation (|A-11[) reduces to the usual Poisson equation for finite density and pressure terms in 
case of linear behaviour of £, 

V 2 * = ^(e + 3p). (A-12) 



In fact, a contribution of the scalar field is added to the usual gravitational potential $ = ucP/2. 
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